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THE LIMvERSITY OF TOEYO

Lesson 8. Classical Simulation (Clifford Circuit, Tensor Network)

1. Opening

You will see how this Lecture fits into the overall Course and know what you will
learn in this Lecture.
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Path to the Utility era in Quantum Computing

The goal of this course is to learn how to implement utility-scale applications on a quantum computer.
To achieve the goal, the course covers from the basics of quantum information to recent advances of
quantum algorithms for noisy quantum devices as well as circuit optimization and error mitigation
techniques. The course also introduces how to implement quantum algorithms using open-source
framework of quantum computing and real quantum device with more than 127 qubits. The course is
intended to help students understand the potential and limitations of currently available quantum

devices.

Schedule: Every Friday from 16:50 to 18:20 (except May 15 (Wed), May 30(Thu))

Notes: All lectures will be held in person. Recording also will be available for reviewing.



Course Schedule 2024

Date Lecture Title Lecturer Date Lecture Title Lecturer
4/5 Invitation to the Utility era Tamiya Classical simulation (Clifford circuit, tensor Yoshiaki
Onodera network) Kawase
4/19 Quantum Gates, Circuits, and Kifumi Numata 6/14 | Quantum Hardware Masao
Measurements Tokunari
A4/26 LOCC (Quantum Kifumi Numata/ | 6/21 | Quantum circuit optimization (transpilation) Toshinari
teleportation/superdense Atsushi Matsuo [toko
coding/Remote CNOT)
5/10 Quantum Algorithms: Grover’s Atsushi Matsuo 6/28 | Quantum noise and quantum error mitigation Toshinari
algorithm [toko
5/15 Quantum Algorithms: Phase Kento Ueda 7/5 Quantum Utility I (127Qubit GHZ) Kifumi
(Wed) | estimation Numata
5/24 Quantum Algorithms: Takashi 7/12 | Quantum Utility IT (Utility paper Tamiya
Variational Quantum Algorithms Imamichi implementation ) Onodera
(VOA)
5/30 Quantum simulation (Ising model, Yukio 7/19 | Quantum Utility IIT (Krylov subspace Yukio
(Thu) Heisenberg, XY model), Time Kawashima expansion) Kawashima
evolution (Suzuki Trotter, QDrift)




The topics of today’s class

Studying three types of classical simulation:
— State Vector

— Tensor Network
Matrix Product State

— Stabilizer
Clitford Circuit, a circuit consisting of H, S and CNOT gates
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2. State Vector

In this section, we will cover state vector simulation.

We will learn how to apply a single-qubit gate and a CNOT gate in state vector
simulation. Additionally, we will learn how to calculate the inner product.
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State vector simulation

An n-qubit quantum state is represented by

1 1 €o...0
lY) = z Can---allo-n e 0p) = ( : >;
g,=0 0 €1..1

on=—

where ¢; is a complex number and Y% 5% ¢;|? = 1 is satisfied.

Since the length of state vector is 2™,
the time and space complexity increase exponentially with the number of qubits.



Applying a single qubit gate (state vector simulation)

A single qubit gate can be written by t U

U _(uoo u01)
t Uip U11

= go|0){0] + u10|1)0] + uo1 [0)(1] + 1y [IN(1], -

where U U] = UTU, = I is satisfied.
Here, we apply asingle qubitgate IQ - QI Q U, ® I ® --- Q I to a quantum state:

IQ - QIQU, QIR QI |p) = Z IR QRIQU, QIR Q®I)Cq g | O+ Ty 01

0'1,-..'O't,...,a'n

1

01,"0t—1,0t+1,""0n at=0

We need 0(2™) to update all the elements of the state vector.



Examples ot applying a single qubit gate
(state vector simulation)

For 1 qubit system, a quantum state is updated by
_ (Yoo Uop1) [Co\ _ (UooCo T U0101)
Uel) = (u10 u11) (C1) B (U10C0 + U161/

Similarly, for 2 qubit system (the right most qubit is the target qubit), a quantum state is updated by

(uoo u01) (Coo) UgpCoo T Up1C01

Uy ) = 510 511 201 _ [ Y1000 T U11C01
( 00 01) ( 10) UpoC10 T Up1C11

U0 U1 C11 U10C10 + Uq11C11

In general, we need to calculate the following formula 2™~ times:

(uoo u01) (CO'n...O'H.lOO't_l...O'l
U1 U11/ \Co,..0t4110;_1..04

I

Ot

) Yoy, ,0¢—1, O¢s1, -, O € 10,1}



Applying CNOT gate (using a state vector)

CNOT gate can be written by

N
OO -

_ oo O
o O O

> = 00| @ T + [IN1]| ® X. svvap<:

S O O

If we apply a CNOT gate to a n-qubit quantum state |y) with cth control qubit and tth target qubit,
the quantum state becomes

(L ® Q-1 ®0)0]| R e41 B R le—1 QI ®lpy1 ® QI
th ® QL1 @ IN Qley1 ® Q-1 QX Q@ It @ - Q [)[Y)

= z Can"'ac"'(GC@Gt)'-'Gl|Gn"'Gc"'Gt"'01).

tth

So, we need 0(2™) to update all the elements of the quantum state.

Co1
C10



Examples of applying CNOT gate (using a state vector)

For 2 qubit system, when we apply a CNOT gate with 2nd qubit as control qubit and 1st qubit as

target qubit to a quantum state, the quantum state is updated by

CXy1Y) =

Similarly, for 3qubit system, it is updated by

CX21|Y) =

/

OCOO R O OO K

1

0
0

0

0

1
0
0

SOk O O Ok O
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Coo00
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C100
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:> JUSt swap ¢4 aﬂd C11

:> SV\/ap Co10 aﬂd Co11
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Examples of applying CNOT gate (using a state vector)

In general, we need to calculate the following formula 2™~ times:
1 0 O 0 CO'n...O...O...o'l

0 1 0 01\/{ Cop..0.1..
0 0 0 1| conioe | Y0010 0n € (01)
0 0 1 O Can...l...l...al



The calculation of inner-products (using state vector)

Inner product between two quantum states is calculated by

*

W)= ) (o011 o1 Copy1On - 0)

1

0-1,...,O-n
o! -l
,*
— E C ./ 1Cq. o O TN} /
O'n...0'1 O-n 0-1 (0) ’0-1 O-n,o-n
0-1 ..,O-n
o! -l

|l

ﬁ\
*

3

Q

[En

3

Q

[UnY

We need 0(2M).



Disadvantage of state vector simulation

Disadvantage of state vector simulation:
The length of state vector 0(2"™) -> This takes exponentially large memory space.
Also, we need 0(2™) times to update the state vector.

We will present a classical simulation method using Matrix Product States
to perform more efficient classical simulation.
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3. Introduction of Tensor

Here, we will learn the basics of tensors, tensor contraction, and tensor
decomposition. These concepts are used for representing the quantum state.

15
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Tensor

— Scalar: s @

(rank-0 tensor)

— VGCTOI’ V = (V]_, Vz, . VTL)
(rank-1 tensor)

—v
— Matrix: 1 7
(rank-2 tensor) l \/\ ; ]

<M11 M1n>
M = : :
M, .. M,, k

— Rank-3 tensor: T;jx OrT?j
vV | ]

In this lecture, we regard these tensors representing the same tensor.



Tensor Contraction

Inner product:

U-V:ZU,;Vi
[

Matrix Vector Product: Trace:
V; =ZM,]U] TrM=ZMu
j i



Tensor Contraction

2 Tijk Vit z Tiji0j1 = Tk
J J

k k
. J . |
[ [ [ Jo—
1 Identity matrix
k J



Tensor Decomposition Using Singular Value Decomposition

s S
k=11

S
Uik(Dkakl)Vj-{ = z UikaVj-l]-(
1 k=1
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4. Matrix Product State (MPS)

Matrix Product State (MPS) is useful for representing one-dimensional systems.

In this section, we will learn the basics of MPS, how to apply single-qubit gates and
CNOT gates using MPS, and how to rewrite quantum states into MPS form through
decomposition.

20
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Matrix Product State (MPS)

W= ) ATB, CF1010,03)

010,03,
b1b;

This is useful for representing one-dimensional quantum systems.

visible index of dimension d

bond index of dimension m



Example of Matrix Product State

Representing 3 qubit GHZ state using Matrix Product State:

1
) = \/—E(I()OO) +]111))

1 1 0\ /1 1 1 0)(0 1 0
=00 (G o) (o)'oooHﬁ(l 0, O)( >|001>+5(1 0 (,

1 0o 0\/0 1 1 0 1 1
+5=0(g ) (1>|011>+5(0 D, o) <0>|100>+5(0 1,

1 0 o/1 1 0 0)(0
+ (0 1)(0 1)(0>|110)+5(0 1)(0 1)<1>|111>

R

o O: (0}
LRI AL

01,02,03,b1,b
where 01 (S {0,1}, o)) € {0,1}, 03 (S {0,1},
0 _ 1 _ 0 _ (12 0 1 _ (0 0



Matrix Product Operator

Matrix Product Operator is written by

!/ / !/ !/
wWq Wi,Wp “Wo,W3 ™~ W3 °
01,02,03,04
!/ !/ / /

01,02,03,04

W1,W2,W3
Matrix Product Operator is used for applying quantum gates and evaluating expectation
values.

!/ !/ !/ !/
04 07 03 O4

Air—B;—C3— D
I1 W, Iz W, I3 Wa |4

01 %) 03 O4



Applying a single qubit gate (using MPS)
A single qubit gate can be represented by

1 1
U9 = 110000 + t10|1)(0] + U1 |0)(1] + uqq |1)(1] = Z z uagat|0£)(0t|-
o.=00:=0
A quantum state applied by a single qubitgate [ @ - QI Q U; X I Q --- ® I is described by
IQ - QRIQU;,RIRQ QD |h)

= z (1010{ er [Ot-10¢_1 [JOLO; [Ot+10t41 ... ]Ungﬁ)T(l)giT(z)Zi b, " T (n-1)9n-1 T ()on loy -+ 0,),

bp—2,bn-1 bp—1

!/ !/
01,.401,01,-.20D1,...bn—1




Applying a single qubit gate (using MPS)

IR -QIQU, QIR® QD |y)

= z (1010{...IGt—10£-1UJt0{10t+10{+1. [Gnan)T(l) T(Z) K M (O M P AN

n-2,bn-1 bp—1
01,-40n,D1,..sbn—1
/ !
01,--40n

Jt=0

by,sbn—1 T

We only need to update these terms.

1
o] _\Of_ o/ o,
= ), TO.C ”bi;btl<2 U(’“’tr<f>bt1bt|a>> TENGY TR (o] 6l il o)

d: the dimension of g;
m: the dimension of b;

The computational complexity is 0(d?*m?) <« 0(2™).

t

State vector simulation (d=2)



An example of applying a single qubit gate (using MPS)

Ugp Up1

n the 1st qubit
Ugp u11)o c . ’

For 2 qubit system, let us consider applying U = (

(U® D|[00) = U]0) ® I|0) = (ugo|0) + u10/1)) ® (1/0) + 0[1))

1 1
— Z Z ZAZlBgz |O-10-2>,Where A(()) — uOo,A% — ulo, Bg — 1, B% — O

01=00,=0b=0



Applying CNOT gate (using MPS)

(o, 0¢) = (0,0),(0,1),(1,0), (1,1)

0,0), (O,

\ V /7 (a2, 07)

10 0 ,
oot (8 0

0 1

A CNOT gate is also represented by

0
1
0
0



Applying a CNOT gate (using MPS)

A quantum state applied by CNOT gate with cth control qubitand tth target qubit is updated by
(L ®Ql—1 Q0N X1 @ Rt R Q11 BRI
Q1 &® 111 &® [41Q Q1 QX Q111 Q- Q In)hb)

- z (Z AUC’Gt’UC}UtT(C) bc- 1bcT(t)bt 1btlacat>>

G1,00p \OC,O¢

bl,...,bn 1

1 0'1 2 0'2 c—1 O'C— c+1 0'c+1 t—1 O't 1 t+1 O't+1 n—1 O'n 1 n on / ’ / / / Lt
T, T() % HCREd Doy be. 1T( ) hess” LT, S 1T( )btbt+1 .T(=1) b 1T( )bn 1|U1"’Uc—10c+1"'0t—10t+1" o))

We only need to update these terms.

The computational complexity is 0(d*m*) « 0(2™).

t

State vector simulation (d=2)



Decomposition

A gquantum state is represented by the following formula:

(W= ) Copgylon) - lon).

0-1’...,0-11

We would like to turn it into MPS form.
First, we use singular value decomposition(SVD) to decompose the system of first qubit and the other part.
To this end, we make a matrix consisting of the coefficients ¢4, ... , and apply SVD to this matrix:

( €000 **  Cod-1,-d-1 )
: : = UDVT
Cd-1,0,+0 °° Cd-1,d-1,d-1
( Upo *  Uor-1 ) Ao ( Vo,0,0 °  Vod-1,-d-1 )
Ug-1,0 = Ud-1r-1 Ap_1/) \Vr-1,0,0 °°° Vr-1d-1,-,d-1
r—1
Co'l’...,o-n = z uo-l’k Akvk’o'z’...,o'n, v 0-2, aen O-n E {0, eny d - 1},
k=0

where ris the rank of diagonal matrix D.



Decomposition

r—1

Coy gy, = Z Ug, k AkVk,g, 0, ¥ 02, 0. On €{0, ..., d — 1},
k=0
We assign this expression to the initial formula:

r—1 d-1

B =D Y Ui helo)) ) Vigy,lo2) 10,
k 0'2,...,0'11

=0 O'1=0

We repeatedly apply SVD to vy, ...q,, We Obtain

= S D ADUD, A AT

Ulikl k?’l—l o'n’kn_l |O-1>|O-2> Ut |O-n> .

0-11”'10-71
kl,...,kn_l

We can rewrite a quantum state into MPS form using SVD.



The decomposition in applying a CNOT gate

d-1 d-1
1/ O¢ o
Z Z Ao TOF | TOF 5 0,)
0.,=00:=0
To decompose the above formula, we need to apply SVD to a matrix consisting of d X d elements.
So, the cost of SVD is 0(d®m*), which is smaller than 0(d*m?).



An example of applying a CNOT gate

By applying CNOT gate with 1 st qubit as control qubit and 2 nd qubit as target qubit
to |4+) &® |0), the quantum state is updated as follows:

1 1 1 1
(0X0l @I+ [1X1] ® X) ((ﬁ |0) +\/—§|1)) ® I0)> = \/—§|00) + N 11)

From the following equation
(Coo C01) /N2 0 :(1 0) /N2 0 (1 O)
Ci10 C11 0 142 0 1 0 1//2)\0 1
. 1 1
We can rewrite 7% |100) + "G |11) as

(1 o)\/i_(l)|00)+(1 0)\/—1_(0)|01>+(0 1)\/—15((1))|10>+(0 1)\/—15((1))|11)

((1 o>—|o>+<o 1)—|1>> (((1))|o>+((1’)|1>>

\ T / Remind
the bond dimension is 2 Y6120 25,20 L5, =0 Ap. By 10102)




An example of applying a CNOT gate

Here, we focus on 2 nd qubit and 3 rd qubit of the quantum state

1 1 1 0
((1 0)—=10)+ (0 1>ﬁ|1>> ® ((O) 0) + (1) |1>> ® 0).
We apply a CNOT gate with 2 nd qubit as control qubit and 3 rd qubit as target qubit
to the quantum state. It is updated as follows:

(10X0] ® I +]1)(1| ® X) (((1)) 00) + () |1o>) = (5)100)+ () 111)

From the following svd results:

orni=0(30 @)= D=6 D6 G D [reming
forby=1,(2° ) =0 D=0 DC DG D). 25,20 25,20 L, =0 Ap, By, 10102)
we can write [00) and |11) as when b, = 0,
B 1 0
00)= (1 DI+ D)) ® ((O) )+ (3) |1>> when b = 1

11) = ((0 0)[0) + (0 1>|1>)®<((1,)|o>+(‘1))|1>)



An example of applying a CNOT gate

So, we can rewrite ((1)) |00) + ((1)) |11) as
(6 Do+ D)oo+ m).

As a result, we obtain

L 1000) + —=111)
V2 V2

=<(1 o)%|o>+(o 1)%1))@((3 o)1+ (g 2)'1>>®(((1))|°>+((1))'1>>-
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5. Inner Product

MPS allows us to calculate inner products more efficiently than state vector
simulation. Moreover, MPS also enables efficient calculation of expectation values.
In this section, you will learn how and why MPS facilitates the efficient computation
of inner products and expectation values.

35
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Inner Product between two MPSs

_ ont 1)9%n— 1T 2 0'21' 1 0'1
Wiy = Y (i opm @ preni, @
0'{...0'_’1
bi"'b{z—l
—1)%n-1
T(l) T(Z)blb2 .T(n DbZ—zbn 1T(n)bn 1|01...0n)
Ul...o'n
b1'”bn—1
- Tr(n)”;t*lTr(n 1)‘;2 izn 2 Tr(2)g§ {Tr(l)"l TOTAR, ..

010
01 Gﬁ 1° n

AN

bn 1bn 2 b1b2

[ 010
b1 bnl 17%n
1 bn1

.T(n-1)

On-1 T(n)

bp—2bn-1

)

n an 1 bn—l

2 it i nZ-t, @ pOA O r@%, eIy e
271 1

We will perform the remaining calculations by using diagrams.

bp_1%0l0;

S

OnOn



An example of calculating Inner Product using MPS

z Tr(n)g’,'%T 71(n-1)n-11 ...Tr<2)Z§Z,Tr(1)Z£*T(l)giT(Z)"z T(-1)%-1  1(n)on

n-1 n—-1Yn-2 2P1 b1b; bn—2bn-1 bn—1




An example of calculating Inner Product using MPS

2 z T’(’”“"* (n— 1)“" 1 T'(Z)“ZT e ”LT(l) TP, LD @

!/
nlbnz b21

bp_2bn_1 bp_1

E : T,I(jll)al TTb(l)al _. T"(l,)
1 1 blbl 2
o,=1 cost: dm



An example of calculating Inner Product using MPS

Z z T’(")“’” (n- 1)"" T T’(Z)UZZ Sl OGN LG R M CORG

4
bp_1bpn—» b, by b1b1

b, bp_2bn_1 bp_1

z /D &0z . /D e

b1bs b1b; cost: dm3
bi=1



An example of calculating Inner Product using MPS

2 2 7%t prn-n it ---T’(Z)ZEIZ;T"'(”“ZT(”ZZ’bg---T("‘”

/
n-1 bp—1bn-2 bib,

!/
b,
d m
1(2)otm11(1) o3 . 1(2)
Z z Tbibé Tb{bz '_ szbé cost: dm?3

o,=1 b{:l

On-1
bp_2bn_1




An example of calculating Inner Product using MPS

I/
z 7t -1y Ok
n—1 n—-1bn-1 n—1
On
bn-1,bp_1

Repeat the same operations

cost: 2dm?>(n — 3)



An example of calculating Inner Product using MPS

’0'31' 17 03
2 Cbé Bbzbé Cb2

Us»bzrbé
rnr(n—1) o
=1 on
bn—l
d m
m rnr(n—1) o
byy_1,bh_ b _' bn—1 i B
e B " 93=1by=1 cost: dm

cost: dm?



An example of calculating Inner Product using MPS

/

The total cost:
0(ndm3) « 0(2M)
where n is the number of qubits

MPS allows us to calculate inner products
more efficiently than state vector simulation.



The expectation values ot MPS

We can calculate expectation values similar to calculating inner-products.
Computational complexity is

0(n(m3kd + m?k?d?)) « 0(2™).

. . k is a typical dimension of
MPS also efficiently calculate expectation values. Matrixﬁoduct Operator
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6. Stabilizer and Clittord Circult

The stabilizer state is used to efficiently simulate the Clifford Circuit.
In this section, we will learn about the Clifford Circuit and the stabilizer state, and

we will also introduce a binary representation of Pauli terms to efficiently simulate
the Clifford Circuit.

45
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Clittord Circult



Paull Operator and Pauli Group

— Pauli Operator

=) x=( Jr=0 ) z=G %)

Pauli group is defined by
Po={cP,® QP Q- QP,|c==%1+i;P;=1XY,Z}

Examples:
YXXeEP, XQKRYRZe P



Clitford Gates and Clitford Group

Clifford Gates

1
(12 1/\/§> s—(1 0 cx=<O
H_<1/ﬁ —1/\2 o ) X

_ O O O

S RO O
N~ —

o O O

Clifford gates are elements of the following Clifford group G,
Crn ={VEULIVQ,VT = Q,,VQ, € P, Qr, € P}

for n-qubit Unitary U,,, the elements of Pauli group Q,,

Clifford gates map the elements of Pauli group to itself. For example,
HXH = Z,SYST = —X,SZST = Z,
(CXHIRZ)(CX)=ZRZ.



Stabilizer state

A stabilizer state is used to efficiently simulate the Clifford circuit.
A stabilizer state is a quantum state with +1 eigen value for a Pauli term.

1011 0+

V2 V2
Pauli X, Y, and Z stabilize |+), |i), and |0), respectively.

X|+)=1+) ,Z10) = |0)

A stabilizer state can be uniquely determined by n stabilizer operators.

+XX —XX
+77 100) + |11) 100) — [11)

V2 V2
—Z7Z 101) + |10) 101) — |10)

\?2 V2




Binary representation ot Pauli terms

We introduce a binary representation of Pauli terms
to efficiently simulate Clifford circuit.

We transtormP; @ - Q@ P; Q - @ P, INtO xq =+ Xj +** Xy Zq =+ Zj *** Zy,
where P; € {I,X,Y,Z},x; € {0,1},z; € {0,1} fori =1, ..., n.
P,=1 = x;=0,z;, =0
P,=X>=>x;=1,z; =
P,=Y = x;=1,z; =1
P,=72Z = x;=0,z; =1
For example,

X1X2X3Xy 21292324
X.Y,2Z51, 1100 0110

For simplicity, we ignore the phase.
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7. Application ot Clittord Gates

Using examples of the application of H gates, S gates, and CNOT gates for two
qubits, we will learn about the application of Clitford gates using binary
representation.

51
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Applying Clitford gates using binary representation

Applying H gate on t-th qubit Applying S gate on t-th qubit
X11X12 "1X1t " X1n | 211212 **| Z1t] " Z1n X11X12 "1 X1t " X1n | 211212 “*| Z1t[ " Z1n
Xi1Xi2 “"1Xit I"* Xin Zi1Zi2 "V Zit |"" Zin Xi1Xi2 "1 Xit |"* Xin Zi1Zi2 **| Zit |"* Zin
Xn1Xn2 "1 Xntl" Xnn | Zn1Zn2 | Znt]""" Znn Xn1Xn2 "1 Xnt]”" Xnn | Zn1Zn2 | Znt|"" Znn
swap Apply exclusive-OR
new _ ., _ -
XMW = 7. 7MW =y fori=1,..,n 2" =z @ xp, fori=1,...,n

We can apply H or S gate by updating the binary table in 0(n).



Example of applying H or S gate

|00) Is stabilized by +1Z and +Z1.

Here, we act H gate on 1st qubit.
X1, and I1Z, stabilize |0) @ |0>+|1>

2nd 1st

Next, we act S gate on 1st qubit.

Y.I, and I, Z, stabilize |0) & |°>\J/f_‘|1>
2nd 1st

X1X2 ARY
ZqI, 00 10
1,7, 00 01

swap

X1X2 Z1Z7
X411, 10 00
117, 00 01

X1X2 Z1Z,
Y41, 10 10
1,Z, 00 01




Applying Clitford gates using binary representation

Applying CNOT gate on c-th control and f-th target qubit

N\,

Applying exclusive-OR

new

Xit

Z

new
lc

Applying exclusive-OR

\

= Xt @ Xic» fori = 1,..,n
= Zjc @ Zity fori = 1,..,n

X11 1 X1l [ X1t " X1n | Z11 " VZ1c| ) 21t Z1n
Xi1 * Xic| | Xit[ " Xin Zi1 "'f Zic| | Zit | Zin
Xn1 1 Xncl [ Xnt """ Xnn | Zn1 " VZncl | Znt]""" Znn

We can apply CNOT gate by updating the binary table in O (n)




Example of Applying CNOT gate

|0)+lI )

10) ®

2nd 1st

Here, we apply CNOT gate on 1st qubit as control

Is stabilized by Y41, and I, Z,.

and 2nd qubit as target qubit.

Y,X, and Z,Z, stabilize

|00)+i|11)

V2

X1X2 Z1Z~
Y, 10 10
1,7, 00 01
D D

X1X2 Z1Z-
Y X, 11 10
7,7, 00 11
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